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Localization Properties of the Disordered XY Spin Chain
A review of mathematical results with an eye toward Many-Body Localization
Houssam Abdul-Rahman1, Bruno Nachtergaele2, Robert Sims1, and Günter Stolz3∗
We review several aspects of Many-Body Localization-
like properties exhibited by the disordered XY chains:
localization properties of the energy eigenstates and
thermal states, propagation bounds of Lieb-Robinson
type, decay of correlation functions, absence of parti-
cle transport, bounds on the bipartite entanglement,
and bounded entanglement growth under the dynamics.
We also prove new results on the absence of energy
transport and Fock space localization. All these proper-
ties are made accessible to mathematical analysis due
to the exact mapping of the XY chain to a system of
quasi-free fermions given by the Jordan-Wigner trans-
formation. Motivated by these results we discuss con-
jectured properties of more general disordered quan-
tum spin and other systems as possible directions for
future mathematical research.
1 Introduction
1.1 The many-body localization context
Quantum spin systems provide a promising class ofmod-
els in the quest for a better understanding of many-body
localization (MBL). In particular, spins (as opposed to,
say, electrons) are zero-dimensional and have essentially
trivial one-body dynamics, so that studying systems of in-
teracting spins allows to fully focus onmany-body effects
and thus provides a clear view on the various phenom-
ena which are physically associated with MBL. While
studyingMBL in systems of interacting fermions remains
a long-termgoal, in themeantime quantum spin systems
provide an ideal laboratory to help identifying the rele-
vant effects characterizing MBL and how they manifest
themselves.
The most recent decade has seen extensive research
on MBL in the physics literature. A key insight at the be-
ginning of much of this work was the understanding that
MBL should be understood as localization in Fock space,
which provides a means to describe that the eigenstates
of an interacting many-body system in the MBL phase
should arise as perturbations of the eigenstates of the cor-
responding non-interacting system. This point of view
was stressed in [10] and [28], as well as earlier work in [5].
We will return to this below.
Some of the works which followed and laid further
groundwork for describing the many-body localization
transition are [33, 46, 47, 59, 62]. These and other works
also shifted focus to using quantum spin systems asmod-
els for understanding MBL. We will point to additional
physics references in more concrete contexts below, but
do not attempt to provide a comprehensive list. Instead,
we refer to other survey articles, to be published in the
same volume as this article, for a more complete discus-
sion of the current state of knowledge onMBL in theoret-
ical and experimental physics.
In thiswork ourmain goal is to describe a broad range
ofMBL-like properties of the disordered XY chain, where
fully rigorous proofs can be given. This is due to the
fact, going back to [39], that the XY chain, via the Jordan-
Wigner transform, can be reduced to a free Fermion sys-
tem. Thus the XY chain becomes exactly solvable in the
translation invariant case. For variable coefficients, the
case relevant to us here, the Jordan-Wigner transform
reduces the XY chain to the study of an effective one-
particleHamiltonian. Thus properties of the one-particle
Hamiltonian translate to properties of the many-body
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spin system, where some attention has to be given to
locality issues (as the Jordan-Wigner transform is non-
local).
If, for example, a translation invariant XY chain is sub-
jected to a random transversal magnetic field, then the
effective Hamiltonian becomes the Anderson model. As
a consequence, known localization properties of the An-
derson model can be used to rigorously prove localiza-
tion properties of the XY chain in a random field. Here
wewill discuss a broad range of results of this type. In par-
ticular, we will describe recent localization results in the
disordered XY chain and closely related disordered free
Fermion systems from [1,2,29,48,55]. In the last two sub-
sections we will also include several previously unpub-
lished results, where we will provide detailed proofs.
Many theoretical physicists believe thatMBL is a qual-
itatively different phenomenon from one-body localiza-
tion in a many-particle system. In particular, due to the
possibility of mapping to a free Fermion system, local-
ization properties of the disordered XY chain are often
viewed as a form of Anderson localization as opposed
to MBL. This may be true but we believe that the extent
of this distinction can only be properly understood by
studying the detailed properties of both one-body and
many-body localization in specific models. One should
keep in mind that many-body effects in an interacting
system can often be qualitatively approximated by an ef-
fective one-body model, such as is often done in mean-
filed theory or Fermi liquid theory. Another example is
the discovery that the Haldane phase represented by the
ground state of the AKLT chain is in fact the same phase
(in the sense of [17]) that contains models with a unique
(up to edge states) product ground state [7, 51]. It is our
view that, whatever the precise relationship turns out to
be, studying the dynamical and response properties rel-
evant for MBL in disordered models such as the random
XY chain will be helpful.
1.2 Results surveyed in this work
Sections 2 and 3 briefly recall the reduction of the XY
chain, via the Jordan-Wigner transform, to a free Fermion
system and discuss eigencorrelator localization for the
associated effective Hamiltonian. Throughout our work
we will use this well understood form of one-particle lo-
calization to deriveMBL properties of the XY chain.
Among the MBL results covered is absence of many-
body transport in the form of vanishing group velocity
(i.e. a so-called zero-velocity Lieb-Robinson bound), see
Section 4. Following earlier discussion in [15], this was
rigorously shown in [29].
In Section 5we present results of [55], showing that all
eigenstates of the disordered XY chain, as well as thermal
states at any inverse temperature, have exponentially de-
caying correlations. In this context we stress that, in or-
der to be interpreted as an MBL property, it is important
to be able to go beyond ground state correlations, asMBL
should reflect the existence of a mobility gap without the
need of a ground state gap. In fact, for the disordered XY
chain the mobility gap extends through the entire spec-
trum, i.e. there is no mobility edge.
Wemention that there are general results which show
that zero-velocity Lieb-Robinson bounds imply exponen-
tial decay of eigenstate correlations [26, 29]. However,
these results either give weaker bounds or use additional
assumptions which do not hold in the disordered XY
chain (e.g. the relevant constants can not be chosen uni-
form in the random parameters, see also the discussion
is Section 1.3 below). They also do not apply to thermal
states. For the XY chain, the direct analysis carried out in
[55] gives the best bounds.
In Section 6 we discuss area laws for the bipartite en-
tanglement of eigenstates. The validity of such bounds at
macroscopic energies (going beyond the gapped ground
state phase where area laws were first identified in [31])
is considered another characteristic of MBL, see e.g. [11]
and [12]. For the disordered XY chain a uniform area law
for all eigenstates was shown in [2], see (29) in Section 6.
As we will describe, this is based on the fact, shown in
[48], that eigenstates of disordered free Fermion systems
in arbitrary dimension d satisfy an area law bound. In di-
mension d = 1 this translates to an entanglement bound
for the XY chain. In Section 6 we will also discuss the rela-
tion of the entanglement bounds found for the XY chain
with a recent general result by Brandao and Horodecki
[12].
Similar methods can also be used to prove an area
law for the dynamical entanglement, i.e. that the entan-
glement entropy of an initial product state stays uni-
formly bounded in time. Bounds on the dynamical entan-
glement in disordered spin chains were previously dis-
cussed in [9,32,53,60]. A rigorous result for the XY chain,
proven in [1], is presented as (30) in Section 6 below.
A related open problem is to better understand entan-
glement bounds for thermal states and, in particular, get-
ting such bounds on efficient entanglement measures of
thermal states such as the logarithmic negativity. How-
ever, an area law uniform in all eigenstates easily implies
an area law for the entanglement of formation of thermal
states, see (39).
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Results on the absence of particle transport and en-
ergy transport are discussed in Section 7. Here we will
focus mostly on the isotropic XY chain, which preserves
the number of up-spins or ‘particles’ (in the interpreta-
tion as a free Fermion system), thus leading to stronger
results. The results on energy transport, Theorems 7.1
and 7.2 have not been published before. Thus we state
them more formally and include a detailed proof in Ap-
pendix A.
Finally, in Section 8, we return to the concept of Fock
space localization. As discussed in several of the refer-
ences given above, this concept is emerging as the central
characteristic of MBL, leading to many of the manifes-
tations noted above as secondary consequences. In this
context, our main result for the disordered XY chain is
part (a) of Theorem 8.2, which shows that the eigenstates
of the interacting spin chain are close, in suitable sense,
to the eigenstates of the non-interacting system. As a dis-
tance measure we choose distance of Fock space config-
urations. Part (b) of Theorem 8.2 illustrates this, with a
simpler proof, in terms of local spin occupation numbers.
These are new results for which we provide proofs in Ap-
pendix B.
In the concluding summary sectionwemention some
conjectures and possible directions for futuremathemat-
ical research.
1.3 The limits of localization effects
We chose here to present our results in terms of bounds
on averages of the relevant quantities. Such bounds are
not only what is considered in most numerical studies,
but they also have proven to be best suited for math-
ematical investigations and give the most concise and
to-the-point descriptions of the results. As all the ran-
dom quantities considered are non-negative, averages
describe their typical behavior to leading order.
It is certainly desirable, in particular when attempting
to understand the associated random variables beyond
leading order and to study their fluctuations, to also have
bounds on the probability that a system satisfies one of
the localization properties discussed here. An easyway to
get such bounds from expectation bounds is via Cheby-
chev’s inequality. Say that a non-negative random quan-
tity Axy has exponentially decaying expectation E(Axy )≤
Ce−ξ|x−y | . Then P(Axy ≤ e
−ξ|x−y |/2)≥ 1−Ce−ξ|x−y |/2.
In a system of finite size, e.g. the length n of a finite
spin chain in our setting, such quantitative localization
bounds obviously do not hold with probability one, as
there will be realizations of the random configuration
where the system is close to translation invariant and lo-
calization can’t be expected. What is more important is
that probability bounds can not be independent of n as
the system size increases and, in particular, will not yield
useful quantitative bounds in the thermodynamic limit
n→∞.
An example which demonstrates this are the bounds
on eigenfunction localization in the Anderson model
which we discuss in Lemma 8.1 below as well as the re-
sulting Fock space localization result for the XY chain
in Theorem 8.2. Here the probabilities as well as the ac-
tual localization bounds pick up some power-law depen-
dence on n. As we explain there, this is notmerely an arti-
fact of the proof anddue to the fact that large random sys-
tems will, with high probability, have large subsystems
which are essentially translation invariant.
As another example we refer to the area laws for the
bipartite entanglement of eigenstates of the XY chain dis-
cussed in Section 6. When considering such bounds in
the thermodynamic limit n→∞ for a subsystem of size
ℓ, then averages of the bipartite entanglement of eigen-
states remain bounded uniformly in ℓ, but by a result in
[23] the entanglement is not self-averaging in the sense
that with probability one it is unbounded in ℓ. Thus there
is no area law in probability. The reason for this is again
that one-dimensional disordered systems have large sub-
systems which are almost translation invariant. If the
subsystem boundary falls into one of these regions, it will
lead to large entanglement.
It is for these reasons that using expectations has led
to the more satisfying mathematical results on localiza-
tion, which, as we feel, also are best suited to convey
the physical meaning of localization effects. Note that, as
a technical consequence, this means that the proofs of
the results described below are of the form “expectation
bounds for the effective one-particle Hamiltonian imply
expectation bounds for quantities related to the spin sys-
tem”. This needs somewhat different strategies of proof
then results where a deterministic input leads to a deter-
ministic output.
2 XY chain and effective Hamiltonian
A general XY spin chain in transversal field is described
by the Hamiltonian
H =−
n−1∑
j=1
µ j ((1+γ j )σ
X
j σ
X
j+1+(1−γ j )σ
Y
j σ
Y
j+1)−
n∑
j=1
ν jσ
Z
j ,
(1)
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where σX
j
, σY
j
and σZ
j
are the standard Pauli matrices
acting on the j -th spin. The parameter sequences µ j , γ j
and ν j , describing the interactions strength, anisotropy
and field strength, are viewed as random parameters re-
flecting the disorder in the system. We will generally as-
sume that all three sequences are independent and iden-
tically distributed, with bounded distribution, although
this could be weakened in several ways (as long as the
required localization properties of the effective Hamilto-
nians, see below, can be shown).
We will state all results for the finite XY chain, i.e. re-
stricted to the intervalΛ= [1,n], althoughwith constants
bounded uniformly in n. This allows to draw conclusions
for the infinite chain, although we will not disucss this
here.
The Jordan-Wigner transform
c1 = a1, c j =σ
Z
1 . . .σ
Z
j−1a j , j = 2, . . . ,n,
with the spin lowering operators a j = (σ
X
j
− iσY
j
)/2, sat-
isfies the canonical anti-commutation relations (CAR)
{c j ,c
∗
k
} = δ j k , {c j ,ck } = {c
∗
j
,c∗
k
} = 0, and maps the XY
chain onto a system of quasi-free Fermions governed by
H =
∑
j ,k
(
c∗j A j kck −c j A j kc
∗
k +c
∗
j B j kc
∗
k −c jB j kck
)
(2)
Here A and B are the tridiagonal n×n-matrices
A =


−ν1 µ1
µ1
. . .
. . .
. . .
. . . µn−1
µn−1 −νn

 , (3)
B =


0 µ1γ1
−µ1γ1
. . .
. . .
. . .
. . . µn−1γn−1
−µn−1γn−1 0

 . (4)
If γ j = 0, j ∈Λ, i.e. for the isotropic XY chain, we haveB =
0 and the matrix A has the role of an effective Hamilto-
nian. In the general anisotropic case the effective Hamil-
tonian is the 2n × 2n-matrix
(
A B
−B −A
)
. However, to cor-
rectly reflect locality properties, we re-index this matrix
and write the spin Hamiltonian as the quadratic form
H =C ∗MC (5)
in terms of the column vector C = (c1,c
∗
1 , . . . ,cn ,c
∗
n )
t and
effective Hamiltonian given as the 2×2-block Jacobi ma-
trix
M =


−ν1σ
Z µ1S(γ1)
µ1S(γ1)
t . . .
. . .
. . .
. . . µn−1S(γn−1)
µn−1S(γn−1)
t −νnσ
z

 . (6)
Here σZ =
(
1 0
0 −1
)
is the third Pauli matrix and S(γ) =(
1 γ
−γ −1
)
.
We note that, instead of the fermionic modes c j and
c∗
j
, commonly used are also the Majorana fermions a+
j
=
c∗
j
+ c j , a
−
j
= i (c∗
j
− c j ), which lead to a slightly different
(but unitarily equivalent) form of the effective Hamilto-
nian.
The quadratic Hamiltonian (5) can be diagonalized
via a Boguliubov transformation implemented by a 2n×
2n Bogoliubov matrixW (meaning thatW is orthogonal
withW JW t = J for J = (σX )⊕n).W diagonalizesM as
WMW t =
n⊕
j=1
(
λ j 0
0 −λ j
)
, (7)
with 0≤ λ1 ≤ . . . ≤ λn (which can be identified as the sin-
gular values of A + B , e.g. [29]). This gives a new set of
fermionic modes b j , b
∗
j
, represented in vector form as
B =WC , which expresses H as a free fermion system,
H = 2
n∑
j=1
λ jb
∗
j b j −E01l, (8)
with E0 =
∑
j λ j . The Fock basis
ψα =
n∏
j=1
(b∗j )
α jψ0, α ∈ {0,1}
n , (9)
with respect to the vacuum vectorψ0 of this system gives
a full set of eigenvectors of H with corresponding eigen-
values
∑
j :α j=1λ j −E0.
3 One-Particle Localization
The phenomena of single-particle localization andmany-
body localization should be clearly distinguished. The
latter describes properties of group waves as opposed
to waves associated with individual particles in a many-
body system. For the XY chain, however, MBL proper-
ties of H are consequences of single-particle localization
properties of the effective Hamiltonian M (but note that
4 Copyright line will be provided by the publisher
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M does not act on a spin, but on a particle with an infi-
nite degree of freedom as n→∞, e.g. a one-dimensional
‘electron’).
While this is the main mechanism behind the re-
sults presented here, we stress that it makes the XY
chain a rather unrealistic example of a many-body quan-
tum system. One other example which shares the prop-
erty of being fully reducible to an effective one-particle
Hamiltonian are interacting harmonic quantum oscilla-
tors, see [44,45]. For other classes of disordered quantum
many-body systems the relation between one-particle
and many-body localization, and the variety of possible
MBL regimes and phenomena, will likely be much more
involved.
We will state results under the assumption of expo-
nential eigencorrelator localization for M , i.e. the exis-
tence of a finite constantC and a positive constant η, not
depending on n, such that
E
(
sup
|g |≤1
‖g (M ) j k‖
)
≤Ce−η| j−k | (10)
for all 1 ≤ j ,k ≤ n. Here E(·) denotes disorder averaging
and g (M ) is defined via the spectral theorem for sym-
metric matrices, i.e. g (M ) =
∑
j g (λ j )|φ j 〉〈φ j |, where φ j
and λ j are a full system of eigenvectors and correspond-
ing eigenvalues forM . For later convenience, we think of
the 2n ×2n-matrix g (M ) and an n ×n-matrix with 2×2-
matrix-valued entries g (M ) j k and of ‖·‖ as a 2×2-matrix
norm.
In the n →∞ limit, eigencorrelator localization (10)
implies that M has pure point spectrum with exponen-
tially decaying eigenfunctions (with η giving the inverse
localization length), but is a mathematically stronger
property. In particular, with the choice g (M ) = e−i tM , it
includes uniform exponential decay of time evolution
amplitudes
E
(
sup
t∈R
‖(e−i tM ) j k‖
)
≤Ce−η| j−k |. (11)
Also covered by (10) are the Fermi projectors χ(−∞,E ](M ),
i.e. eigenprojectors onto energies below E . Eigencorrela-
tor localization in the above strong form allows to derive
all the MBL properties to be discussed below.
For the isotropic case, M can be replaced by A in (10)
and is known to hold for large classes of random param-
eters ν j and µ j . In particular, if µ j = 1 and the ν j are
i.i.d. with sufficiently smooth distribution (for example if
they have bounded compactly supported density), then
A is the one-dimensional Anderson model and (10) is
known since the work of Kunz and Souillard [37] and, for
larger classes andunderweaker assumptions, can also be
proven using the fractional moments method of Aizen-
man and Molchanov [3]. See [4, 56] for general introduc-
tions to the mathematical theory of Anderson localiza-
tion.
Proving (10) in the anisotropic case is mathematically
more challenging due to the lack of monotonicity of (6)
in the random parameters. A general result of [24] cov-
ers the case of a magnetic field at large disorder, i.e. ν j is
multipliedwith a sufficiently parameterλ. For additional
results see [16].
For this work we use the assumption of exponential
decay of eigencorrelatorsmostly for ease of presentation
and for its physical relevance. Many of the results dis-
cussed below, in suitably modified form, also hold un-
der weaker assumptions on eigencorrelator decay, such
as sufficiently fast power law decay.
Another assumption needed for some of the results
below is that
all eigenvalues of Hn are non-degenerate
for almost every realization of the disorder.
(12)
This is true, for example, if the random variables ν j have
continuous distribution, see Appendix A in [2].
4 Zero-velocity Lieb-Robinson bounds
A local observable acting on the j -th spin via the 2× 2-
matrix A will be denoted by A j . For j 6= k local observ-
ables commute: [A j ,Bk ]= 0. Lieb-Robinson bounds, ini-
tially introduced in [38], provide upper bounds on the
propagation speed of group waves through the spin sys-
tem by bounding the norm of the commutators under
the time-evolution τt(A j )= e
i tH A j e
−i tH of one of the ob-
servables. In general, a Lieb-Robinson bound of the form
‖[τt (A j ),Bk ]‖ ≤C‖A‖‖B‖e
−η(| j−k |−vt) , (13)
with constants C and η> 0 which do not depend on n, j ,
k and t and hold for all local observables A and B , show
that v is an upper bound on the group velocity in the sys-
tem, see [43] for a survey of recent results and applica-
tions.
It was shown in [29] that the introduction of disorder
into the XY -chain leads to Lieb-Robinson velocity zero
in the disorder average: Under the one-particle localiza-
tion condition (10) (in fact (11) suffices here) it holds that
E
(
sup
t∈R
‖[τt (A j ),Bk ]‖
)
≤C ′‖A‖‖B‖e−η| j−k |, (14)
uniformly in n and 1≤ j ,k ≤n.
For the case of the isotropic XY -chain in random
transversal field a slightly weaker form of this bound,
Copyright line will be provided by the publisher 5
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with right hand side growing linearly in t and quadrati-
cally in n, was discussed earlier in [15]. The key fact be-
hind the proof of (14) is the relation
τt (C )= e
−2i tM
C , (15)
where the time evolution of the vector C is understood
componentwise. This relates the one-particle dynamics
of M , given by the 2n × 2n-matrix e−2i tM , to the many
body dynamics of C and thus, through Jordan-Wigner,
of local observables in the spin chain. Here some care
is needed to account for the non-locality of the Jordan-
Wigner transform: Assume k ≥ j , then (11), (15) and a ge-
ometric summation give
E
(
sup
t
‖[τt (c j ),Bk ]‖
)
≤
4C‖B‖
1−e−η
e−η(k− j ). (16)
Writing the local spin lowering operators as a j =σ
Z
1 . . .σ
Z
j−1
c j ,
an iterative argument based on the Leibnitz rule followed
by another geometric sum gives
E
(
sup
t
‖[τt (a j ),Bk ]‖
)
≤
16C‖B‖
(1−e−η)2
e−η(k− j ). (17)
Using that a j , a
∗
j
, a∗
j
a j and a j a
∗
j
generate the local op-
erators at site j , this leads to the claim (14) with C ′ =
96C/(1− e−η)2. More details on this proof are in [29]; see
also the review [54].
More recent results of this type for disordered systems
can be found in [27], which establishes anMBL transition
for the XY chain in decaying (and thus non-ergodic) ran-
dom field in the z-direction. Related bounds for quasi-
periodic models are contained in e.g. [18], [35], and ref-
erences therein.
5 Rapid decay of correlations
One of the benefits of Lieb-Robinson bounds (with finite
velocity v) is that they can be used to prove exponential
clustering of the ground state for gapped spin systems, i.e.
exponential decay of the ground state correlations
|〈ψ0,A jBkψ0〉−〈ψ0,A jψ0〉〈ψ0,Bkψ0〉| (18)
in | j −k| for local observables A j and Bk , see [30,42].
In [29] it was shown that in the presence of a zero-
velocity Lieb-Robinson bound the assumption of a uni-
form ground state gap can be relaxed, leading to a cor-
rection of the exponential clustering bound which is
logarithmic in the inverse gap size. For the case of the
isotropic XY -chain in random transverse field this leads
to a bound of the form C‖A‖‖B‖ne−η| j−k | for the disor-
der average of ground state correlations (Theorem 4.2 in
[29]). The dependence on the length n of the chain is due
to the use of a Wegner estimate for the Anderson model,
giving a volume dependent ground state gap. For earlier
work on this question, employing bounds on the Ander-
sonmodel found by multiscale analysis, see [36].
We stress that rapid decay of ground state correla-
tions, by itself, is not sufficient to indicate MBL, as it
holds for many translation invariant systems, even with-
out requiring a spectral gap [25, 41]. Rather, MBL should
reflect amobility gap, i.e. a range of energies near the bot-
tom of the spectrum which is entirely many-body local-
ized. For correlations in the disordered XY chain this was
recently settled in full generality by Sims andWarzel [55].
They consider time dependent correlations
〈τt (A j )Bk〉−〈A j 〉〈Bk〉 (19)
for the anisotropic disordered XY -chain (1), where 〈·〉 =
tr(ρ ·) and ρ = |ψα〉〈ψα| for an arbitrary eigenstate ψα of
H or a thermal state ρ = e−βH /tre−βH . Assuming eigen-
correlator localization (10) it is shown that
E
(
sup
t∈R
|〈τt (A j )Bk〉−〈A j 〉〈Bk〉|
)
≤Ce−η| j−k |, (20)
where the constants C <∞ and η > 0 can be chosen uni-
formly in the eigenstate label α and the inverse tempera-
ture β > 0, respectively. In fact, having exponential clus-
tering for all eigenstates means that the disordered XY
chain in fully many-body localized at all energies, i.e. in
the infinite temperature limit.
Let us now discuss a few of the central ideas that are
used in proving (20). In order to do so, we first review
some basics about quasi-free states on the CAR algebra
and refer the interested reader to e.g. [14] for more de-
tails. Recall that for any Hilbert space H , one can asso-
ciate to each f ∈H annihilation and creation operators,
which we label by c( f ) and c∗( f ) respectively. These op-
erators act on the fermionic (i.e. anti-symmetric) Fock
space F (H ) corresponding to H and satisfy canonical
anti-commutation relations (CAR), i.e.
{c( f ),c(g )} = {c∗( f ),c∗(g )}= 0 and
{c( f ),c∗(g )} = 〈 f ,g 〉1l for all f ,g ∈H (21)
with {A,B } = AB +BA. The C∗-algebra A (H ) generated
by the identity 1l and the operators c( f ) and c∗(g ) for all
f ,g ∈H is called the CAR algebra associated to H .
A state ω on A (H ) is said to be quasi-free if all its
correlation functions can be computed using Wick’s rule.
An important sub-class of quasi-free states ω̺ on A (H )
6 Copyright line will be provided by the publisher
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are uniquely determined by a one-particle density oper-
ator 0 ≤ ̺ ≤ 1l acting on H . In this case, multipoint cor-
relation functions corresponding to these states have a
determinantal structure, e.g.
ω̺
(
c∗(gm) · · ·c
∗(g1)c( f1) · · ·c( fm)
)
= det
(
〈 f j ,̺gk 〉
)
1≤ j ,k≤m
(22)
for anym ≥ 1 and f1, · · · , fm ,g1, · · · ,gm ∈H . Both classes
of states considered in (20), i.e. eigenstates and ther-
mal states of the XY-model, are quasi-free states on
A (ℓ2([1,n])) with this particular form. We remark that a
full characterization of quasi-free states onA (H ) can be
found in [6], but this goes beyond the scope of our appli-
cations.
A key result in [55] estimates structured determinants;
in particular, the result applies tomulti-point correlation
functions associated to these quasi-free states, see (22),
in the case thatH = ℓ2(Z). (The result also applies in the
case of H = ℓ2([1,n]) for any n ≥ 1.) To state a version of
this result, first introduce for m ≥ 1, an ordered configu-
ration as x= (x1, · · · ,xm) ∈Z
m with x1 < ·· · < xm. For any
two such configurations x and y, denote a configuration
distance by
D(x,y)= max
1≤ j≤m
|x j − y j |. (23)
The following is proven in [55].
Theorem 5.1 Let K : [0,∞)→ [0,∞) bemonotone increas-
ing and suppose there is some µ0 ∈ (0,∞) for which
I (µ0) :=
∞∑
ℓ=0
(1+ℓ)e−µ0K (ℓ) <∞ (24)
For each t ∈ R, let ρ(t ) be an operator on ℓ2(Z) with
‖ρ(t )‖ ≤ 1. If there is some C < ∞ and µ > µ0 for which
given any x, y ∈Z, one has the estimate
sup
t∈R
|〈δx ,ρ(t )δy〉| ≤Ce
−µK (|x−y |) , (25)
then for any m ≥ 1 and any pair of ordered configurations
x and y, one has that
sup
t∈R
∣∣∣det(〈δx j ,ρ(t )δyk 〉)1≤ j ,k≤m∣∣∣≤C ′exp
(
−
µ−µ0
2
K
(
D(x,y)
2
))
(26)
Here one may take C ′ = 8max{CI (µ0),
√
CI (µ0)}.
In words, this result shows that decay in the entries
of a matrix, i.e. (25), does lead to a form of decay in the
corresponding matrix determinant, see (26). The decay
in the determinant is expressed in terms of the configu-
ration distance D(x,y), see (23).
With these preliminaries,we cannowgive some rough
ideas for how (20) is proven. Consider a quasi-free state
ω̺ on A (ℓ
2([1,n])) of the form described in (22) above
and let τt denote the dynamics corresponding to the
isotropic XY-model. For any pair of ordered configura-
tions x = (x1, · · · ,xm) and y = (y1, · · · , ym), with compo-
nents in [1,n], one has
ω̺
(
τt (c
∗(δym )) · · ·τt (c
∗(δy1))c(δx1) · · ·c(δxm )
)
=det
(
〈δx j ,̺e
−2i t Aδyk 〉
)
1≤ j ,k≤m
(27)
where A is the effective one-particle Hamiltonian and
t ∈ R is arbitrary. Given the assumptions of exponential
eigencorrelator localization and non-degeneracy, i.e. (10)
and (12), one concludes that the matrix entries on the
right-hand side of (27) decay and as a result, these multi-
point correlations decay aswell, by an application of The-
orem 5.1. A technical point here is that the assumption
of exponential eigencorrelator localization only guaran-
tees that the disorder-averaged matrix entries, found on
the right-hand side of (27), decay. However, a further re-
sult in [55], see Theorem 1.2 therein, proves a generaliza-
tion of Theorem 5.1 which covers this random situation.
In words, the proof shows that if the averaged matrix en-
tries decay similarly to (25), then the averaged determi-
nant decays similarly to (26) In particular, both results
obtain estimates which are uniform inm,n, and t ∈R.
Now, using the Jordan-Wigner transform, the dynamic
correlations considered in (19) can be re-written in terms
of time-dependent multi-point correlations, similar to
those on the left-hand-side of (27), in specific quasi-free
states with the form discussed above. In full generality,
the evaluation of these multi-point correlations, i.e. the
application ofWick’s rule, results in a pfaffian; not a deter-
minant. Since pfaffians and determinants share similar
mathematical properties, it is not surprising that analogs
of the theorems mentioned above hold in this case as
well. Such technical matters are discussed in detail and
proven in [55]. It is with these ideas that (20) is proven.
6 Area laws for the bipartite
entanglement
Another property which reflects many-body localization
are area laws for the bipartite entanglement of eigen-
states and for the time evolution of initially unentan-
gled states, e.g. [9, 11–13, 32, 53]. In fact, such bounds
are closely related to the rapid decay of correlations dis-
cussed in the previous section. Hastings showed in his
seminal work [31] that the ground state of a uniformly
gapped one-dimensional spin system satisfies an area
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law, i.e. its bipartite entanglement with respect to a sub-
chain is uniformly bounded, independent of the length
of the chain and the subchain. As mentioned above such
systems also satisfy exponential clustering of the ground
state. In fact, Brandao and Horodecki [12, 13] proved a
general result saying that exponential decay of correla-
tions of one-dimensional quantum states implies an area
law. This does not only provide a new proof of Hastings’
result, but also applies in cases where exponential decay
of correlations is known for excited states, without knowl-
edge on spectral gaps, and thus is applicable to the situa-
tion onewants to see inMBL. In particular, it is likely that
the results of [29] and [55] on correlation decay in the dis-
ordered XY chain combine with the result of [13] to pro-
vide area laws for this example. Apart from the fact that in
[13] the authors workwith periodic boundary conditions,
a potential obstacle arises from the fact that the correla-
tion bounds required in [13] are stronger than those pro-
vided in [55]. The issue is, once again, the prefactor. The
theorem in [13] assumes not only a uniform correlation
length but also that the prefactor is just the product of the
norms of two arbitrary observables and neither depends
on the size of the system nor on the size of the supports
of the two observables.
This is one of the reasons why it is desirable to have
a more direct argument for an area law of the eigen-
state entanglement in the example of the disordered XY
chain. Towards this, decompose the chainΛ into left and
right ends A = [1,ℓ] and B = [ℓ+ 1,n]. For a pure state
ρ = |ψ〉〈ψ|, let ρA and ρB be the corresponding reduced
states. The bipartite entanglement of ρ with respect to
this decomposition is the von Neumann entropy of the
reduced state,
E (ρ)=S (ρA)=−trρA logρA . (28)
Generic stateswill satisfy the volume lawE (ρ) ∼min{ℓ,n−
ℓ} (using S (ρA) = S (ρB )). However, under the assump-
tionsof one-particle localization (10) andnon-degeneracy
(12) on the XY chain, we have the uniform area law
E
(
sup
ρ
E (ρ)
)
≤C <∞, (29)
where the supremum is taken over ρ = |ψ〉〈ψ| for all nor-
malized eigenstates ψ of H and the constant C can be
chosen uniformly in n and ℓ. As before, this includes the
disorder average E(·).
Wemay also consider the dynamical growth of entan-
glement under a quantum quench. For this, let φA and
φB be eigenstates ofHA andHB , the restrictions of the XY
Hamiltonian to the left and right end chains, respectively.
Starting with the product state ρ = |ϕA ⊗ϕB 〉〈ϕA ⊗ϕB |,
we consider the time evolution τt (ρ) = e
i tHρe−i tH un-
der the full XY chain Hamiltonian. Under assumptions as
above, the dynamical entanglement remains bounded,
E
(
sup
t ,ϕA ,ϕB
E (τt (ρ))
)
≤C <∞, (30)
uniform in n and ℓ, with supremum taken over all times
t ∈ R as well as all eigenstates of HA and HB . In fact, this
result extends to any finite number of quenches in the
initial state, with bounds not depending on the number
of quenches.
The proofs of (29) and (30) in [2] and [1] rely heav-
ily on the fact that the eigenstates ρ of H are quasi-free,
as already used in the previous section, so that they are
entirely determined by their two-point function with re-
spect to the fermionic modes c j , c
∗
j
, summarized in the
correlationmatrix
Γρ = ρ(C C
∗), (31)
which we use as vector notation for the 2n × 2n-matrix
with 2×2-matrix-valued entries
Γρ( j ,k)=
(
trc j c
∗
k
ρ trc j ckρ
trc∗
j
c∗
k
ρ trc∗
j
ckρ
)
, 1≤ j ,k ≤ n. (32)
As observed in [57], the entropy of quasi-free states can
be calculated via the trace identity Trρ logρ = trΓρ logΓρ .
Here we distinguish the traces tr and Tr in the one-
particle space andmany-particle space, respectively.Most
importantly, the reduction ρA of ρ to the left end [1,ℓ] of
the chain is again quasi-free, so that
E (ρ)=−TrρA logρA =−trΓ
A
ρ logΓ
A
ρ . (33)
Here the correlationmatrix ΓAρ of the reduced state is sim-
ply the upper left 2ℓ×2ℓ-block of Γρ (by the ‘left locality’
of the operators c j and c
∗
j
).
By a calculation due to [48] this leads to the bound
E (ρ)≤ 2ln2
ℓ∑
j=1
n∑
k=ℓ+1
‖Γρ( j ,k)‖. (34)
The eigenstates of H are given by the fermionic basis
vectorsψα in (9). This allows to calculate the correlation
matrices of ρ = ρα = |ψα〉〈ψα| via the Bogoliubov trans-
formB =WC and (7) as
Γρα = χ∆α(M ). (35)
Here the right hand side is a spectral projection for the
effective Hamiltonian M onto ∆α := {λ j : α j = 0}∪ {−λ j :
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α j = 1}. Thus (33) and exponential eigencorrelator local-
ization (10) lead to
E(sup
α
E (ρα))≤ 2ln2C
0∑
j=−∞
∞∑
k=1
e−η| j−k | =
2ln2Ce−η
(1−e−η)2
,
(36)
proving (29).
Similar arguments lead to the bound (30) on dynami-
cal entanglement in [1]. In particular, this uses that the
product states ρ = |ϕA ⊗ϕB 〉〈ϕA ⊗ϕB | as well as their
time evolution τt (ρ) under H are still quasi-free, so that
E (τt (ρ)) can be calculated using (33). In this case the cor-
relationmatrix is given by
Γτt (ρ) = e
−2i tM
(
χ∆A (MA)⊕χ∆B (MB )
)
e2i tM , (37)
whereMA andMB are restrictions of the effective Hamil-
tonian to A and B , respectively, and spectral projections
analogous to (35) appear. Similar to above, now using
eigencorrelator localization forM ,MA andMB , this leads
to (30).
Several remarks are in order here:
(i) The bound (36) on the entanglement grows as
O(ξ2) as the one-particle localization length ξ = 1/η di-
verges. This is substantially stronger than what one gets
by combining the general result of [13]with the boundon
correlation decay from [55], giving the bound O(ecξ logξ)
on the entanglement.
(ii) The argument leading to (34) was previously used
in [48] to bound the entanglement in disordered d-
dimensional free Fermion systems, where the general
area law O(ℓd−1) is found, both as upper and lower
bound. Moreover, it was shown in [23] that the fermionic
entanglement is self-averaging for d > 1 but not for d = 1.
Note, however, that the fermionic entanglement has to
be interpreted differently from entanglement in spin sys-
tems due to the non-locality of the fermionic modes, e.g.
[8,49], and that the connection to the XY chain via Jordan-
Wigner only holds for d = 1.
(iii) In principle, the above result also applies to ther-
mal states ρβ = e
−βH /tre−βH . In this case, instead of (35)
the correlation matrix is Γρβ = (1l+ e
−2βM )−1, so that the
eigencorrelator bound (10) still applies and gives expo-
nential decay of matrix elements and an area law for the
bipartite entanglement S (ρβ). However, for the mixed
state ρβ this is generally not considered a good entan-
glementmeasure (in particular, vanishing ofS (ρβ) does
not mean that ρβ is a product state). A better quantity to
consider is the logarithmic negativity of ρβ, e.g. [50, 58],
but it remains an open problem if the logarithmic nega-
tivity of mixed states of the disordered XY chain satisfies
an area law.
On the other hand, it follows easily from (29) that the
entanglement of formation of thermal states satisfies an
area law. The latter is the convex roof extension of the
entanglement entropy [61], defined for a general mixed
state ρ as
E f (ρ)= min
pk ,φk
∑
k
pkE (|φk 〉〈φk |), (38)
with arbitrary pk and unit vectors φk such that ρ =∑
k pk |φk〉〈φk |.
The thermal states are given by
ρβ = Z
−1
β
∑
α
e−βqα |ψα〉〈ψα|,
where ψα and qα are the eigenstates and eigenvalues of
H and Zβ =
∑
α e
−βqα . Using the uniformarea law (29) for
the eigenstatesψα this immediately leads to
E
(
sup
β
E f (ρβ)
)
≤C <∞, (39)
an area law for the averaged entanglement of formation
of the thermal states ρβ, uniform in the inverse tempera-
ture β.
One also gets a similar extension of (30) to the case
where ρ = ρA ⊗ρB and ρA and ρB are thermal states of
the subsystems.
7 Absence of particle and energy
transport
Here we consider the isotropic XY chain, i.e. we set γ j =
0 for all j in (1). Thus the matrix B in (4) vansihes and,
using the CAR in (2), the Hamiltonian can be written as
Hi so = −
n−1∑
j=1
µ j (σ
X
j σ
X
j+1+σ
Y
j σ
Y
j+1)−
n∑
j=1
ν jσ
Z
j
= 2
∑
j ,k
c∗j A j kck + E˜01l, (40)
where E˜0 =
∑
j ν j . This simpler form of the quadratic
Fermionic Hamiltonian (as compared to (2)) allows di-
agonalization via (b˜1, . . . , b˜n)
t := U (c1, . . . ,cn)
t , i.e. a Bo-
goliubov transformation which does not mix creation
and annihilationmodes. HereU is the orthogonalmatrix
which diagonalizes A:
UAU t =diag(λ˜ j ), (41)
with λ˜ j the eigenvalues of A. One gets the free Fermion
system
Hi so = 2
∑
j
λ˜ j b˜
∗
j b˜ j + E˜01l. (42)
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Let ψ0 be the vacuum vector associated with this free
Fermion system and
ψβ =
n∏
j=1
(b˜∗j )
β jψ0, β ∈ {0,1}
n , (43)
the corresponding Fermionic basis of eigenvectors of
Hi so . Due to the non-mixing ofmodes,ψ0 coincideswith
the all spins down vector e0 and, for each 0≤ k ≤ n, the k-
particle space span{ψβ : #{ j : β j = 1} = k} coincides with
the space spanned by the spin basis vectors eα with k up-
spins. Thus the number of up-spins is interpreted as the
number of particles and N =
∑n
j=1
a∗
j
a j =
∑n
j=1
c∗
j
c j as
the total particle number operator. Preservation of the
particle number if reflected in the fact that Hi so com-
mutes with N .
For subsets S ⊂ [1,n] the local particle number oper-
ators are NS =
∑
j∈S a
∗
j
a j . For any state ρ the expected
number of particles (up-spins) in S is given by 〈N 〉ρ =
TrρNS .
In the many-body localized phase one expects ab-
sence of particle transport. In fact, let S1 and S2 be two
disjoint subsets of Λ such that S2 ⊂ Λ \ [minS1,maxS1],
i.e., S1 is entirely surrounded by S2. As initial state con-
sider a particle profile
ρ =
n⊗
j=1
ρ j , ρ j =
(
η j 0
0 1−η j
)
, (44)
and assume η j = 0 for all j ∈Λ \S2, meaning only down-
spins outside S2. Let ρt = e
−i Htρei Ht be the Schrödinger
evolution. If exponential eigencorrelator localization (10)
is assumed, then it can be shown that
E
(
sup
t
〈NS1〉ρt
)
≤
2C
(1−e−η)2
e−ηd(S1 ,S2). (45)
Here d(S1,S2)=min{|x− y | : x ∈ S1, y ∈ S2} is the distance
of S1 and S2. This bound follows as a special case of The-
orem 1.1 in [1]. The argument is similar to the proof of
Theorem 7.1 below, provided in Appendix A.
Thus, if at time t = 0 all particles are concentrated in
S2 (corresponding to η j = 1 for j ∈ S2), then the number
of particles at distance more than d from S2 remains ex-
ponentially small in d , uniformly for all times t . As in the
previous section, the bound diverges asO(ξ2) in the one-
particle localization length ξ= 1/η. The proof of (45) can
be seen from the proofs of Theorems 7.1 and 7.2 below.
Additional results of this type, establishing the ab-
sence of particle transport in the disordered isotropic XY
chain, can be found in [1]. Similar results for the disor-
dered Tonks-Girardeau gas, which can be viewed as a
continuum analogue of the XY chain, can be found in
[52].
This result does not extend to the anisotropic XY
chain, were the particle number is not preserved and
thus particles can be created by local properties of the
dynamics, even if the system if fully in the MBL phase.
In essentially the sameway one can show the absence
of energy transport in the MBL phase. For this let S1, S2
be as above, but assume that S1 = [a,b] is an interval. By
HS1 we denote the restriction of the isotropic XY chain to
S1, given as in (40) with [1,n] replaced by [a,b] (but still
acting on the full spin chain). Thus 〈HS1〉ρ is the expected
energy of a state ρ in S1.
Theorem 7.1 Consider the isotropic XY chain H =Hi so as
in (40) and the particle profile ρ as in (44), with η j = 0 for
all j ∈Λ \S2. Then under the assumption of eigencorrela-
tor localization (10) we have
E
(
sup
t
|〈HS1〉ρt − E˜0|
)
≤
4CD
(1−e−η)2
e−ηd(S1 ,S2). (46)
Here E˜0 = 〈HS1〉ρ =
∑
j∈S1 ν j and D is a uniform upper
bound on the matrix norm of the Anderson model A in
(3).
The uniformmatrix bound D can be chosen to be for ex-
ample D = 2µmax +νmax , where µmax and νmax are the
maximal values of the distributions of |µ j | and |ν j |, re-
spectively. To interpret (46), note that by construction of
ρ at time t = 0 all its interaction energy is concentrated
in S2, so that the amount of energy which can be trans-
ported from S2 to S1 is exponentially small in the dis-
tance of the two subsystems, uniformly in time.
A weakened version of (7.1) can be shown to hold for
the more general anisotropic XY chain (1).
Theorem 7.2 Consider the anisotropic XY chain H given
in (1) with the assumption of eigencorrelator localization
(10). Let ρ be the general particle profile as in (44). Then
there is a constant C ′ <∞, depending on the parameters
of the Hamiltonian, but independent of the sizes of Λ and
S1, such that
E
(
sup
t
|〈HS1〉ρt −〈HS1〉ρ|
)
≤C ′, (47)
The constant bound in (47) means that the energy fluc-
tuations within the subsystem S1 are uniformly bounded
from above, while the full energy 〈H〉ρ will grow linearly
in the size ofΛ.
Detailed proofs of Theorems 7.1 and 7.2 are provided
in Appendix A.
8 Fock space localization
Many-body localization of eigenstates is generally ex-
pected to correspond to localization in Fock space, not
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in physical space, e.g. [5, 10, 11]. This refers to a picture
where the Fock space basis of Slater determinants of the
(non-interacting) single-particle eigenstates is used as a
reference lattice, and eigenstates of the interacting sys-
tem can be labelled by the Fock space basis and decay
rapidly (exponentially) in the distance from some finite
subset of the lattice. Here we demonstrate this form of
MBL for the disordered XY chain.
As in Section 7 we consider the isotropic XY quantum
spin chain in transversal field
Hε =−ε
n−1∑
j=1
(σXj σ
X
j+1+σ
Y
j σ
Y
j+1)−
n∑
j=1
ν jσ
Z
j = 2c
∗Ac + E˜0,
(48)
but now for the case of high disorder,meaningwe choose
the constant ε> 0 close to zero. Thus the effective Hamil-
tonian
A =


−ν1 ε
ε
. . .
. . .
. . .
. . . ε
ε −νn

 (49)
is the Andersonmodel on [1, . . . ,n] at high disorder.
Elgart and Klein [22] have recently provided a variant
of themultiscale analysis method, based on a direct anal-
ysis of eigenvectors and eigenvalues rather than ondecay
properties of the Green function, which allows to show
that, with high probability, the eigenvectors of the Ander-
son model at high disorder (in any dimension) are close
to the canonical basis vectors, uniformly in all lattice
sites. In fact, this property can also be derived fromeigen-
correlator localization (10), which we have used through-
out this work as a unifying criterion. Let us describe this
connection.
Under the assumptions in Section 3, i.e. for example if
the distribution of the ν j has a bounded density of com-
pact support, one can show the existence of C <∞ and
µ> 0, such that
E
(
sup
|g |≤1
|g (A) j k |
)
≤Ce−µ| logε|| j−k | (50)
for all n ∈ N, ε > 0 and j ,k ∈ [1, . . . ,n]. This follows, e.g.,
from bounds provided in Chapters 6 and 7 of [4] for the
equivalent case of large coupling λ= 1/ε.
Lemma 8.1 Let 0 < τ < 1 and η > 0 be given. Then there
exist ε0 > 0 and ξ > 0 such that, for n ∈ N and all 0 <
ε ≤ ε0, the Anderson model A with probability at least
1− e−n
ξ
has an orthonormal basis of eigenfunctions ϕk ,
k ∈ 1, . . . ,n, such that
|ϕk ( j )| ≤ e
−η|k− j | for all j ,k ∈ {1, . . . ,n}with | j −k| ≥ nτ.
(51)
We will show in Appendix B how this follows from
(50). It also follows from Theorem 1.6 in [22] where some-
what weaker assumptions on the distribution of the ν j
are required. While we only state the result for the one-
dimensional Anderson model, the argument extends to
arbitrary dimension.
We now describe how this effects the many-body
eigenvectors. Abasis of eigenvectors of the non-interacting
system Hε=0 is given by the spin basis eα, α ∈ {0,1}
n . We
re-label this basis by Fermionic particle configurations,
i.e. by the lattice sites of the antisymmetric Fock space,
{( j1, . . . , jr ) : 0≤ r ≤n,1≤ j1 < . . .< jr ≤ n} (52)
as e˜( j1,..., jr ) = eα with α ∈ {0,1}
n such that { j : α j = 1} =
{ j1 < . . . < jr }. These correspond to the Slater determi-
nants of the eigenvectors e j , j = 1, . . . ,n, of the effective
Hamiltonian A (at ε= 0).
Similarly, we label the eigenvectors (43) of the inter-
acting system by particle configurations with respect to
the free Fermion system (42) as ψ˜(k1,...,kr ) =ψβ, β ∈ {0,1}
n
such that {k : βk = 1} = {k1, . . . ,kr }. In this basis Hi so is
represented as 2dΓa (A)+E˜01l, where dΓa(A) is the restric-
tion of the second quantization of the effective Hamilto-
nian A to the anti-symmetric Fock space Fa (C
n).
Fock space localization of Hε means that the Fourier
coefficients 〈ψ˜(k1,...,kr ), e˜( j1,..., jr )〉 of its eigenvectors with
respect to the basis of the non-interacting system decay
rapidly in the distance of the Fermionic configurations
k = (k1, . . . ,kr ) and j = ( j1, . . . , jr ). As in Section 5 we
choose the latter as D( j ,k) := maxℓ∈{1,...,r } | jℓ − kℓ|. The
first part of the following result establishes Fock space lo-
calization of Hǫ with respect to this distance.
The second part is a result of similar flavor with a
more direct proof. Here we use the local spin occupation
operators nx := c
∗
x cx = a
∗
x ax to express closeness of the
vectors ψ˜k to the non-interacting basis vectors.
Theorem 8.2 For given 0 < τ < 1 and η > 0, let ε0 and ξ
be as above and choose η0 < η. Then, for all n ∈ N and
0< ε≤ ε0, it holds with probability at least 1−e
−nξ that:
(a) There is a constant C = C (η,τ) such that for every
1 ≤ r ≤ n and every pair of Fermionic configurations k =
(k1, . . . ,kr ) and j = ( j1, . . . , jr )with D( j ,k)≥ 2n
τ,
∣∣〈ψ˜k , e˜ j 〉∣∣≤Cn2τe− η−η04 D( j ,k). (53)
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(b) For every 1≤ x ≤ n and every Fermionic configura-
tion k = (k1, . . . ,kr )withminℓ{|kℓ−x|}≥ n
τ,
〈ψ˜k ,nxψ˜k 〉 ≤
2
e2ηminℓ{|kℓ−x|}−1
. (54)
These results have not been previously published and
we provide detailed proofs in Appendix B.
Remark 8.3 (i) Note that nx is the orthogonal projection
onto the space spanned by the spin product states eα with
αx = 1, so that 〈ψ˜k ,nxψ˜k 〉 is the component of ψ˜k in that
space. (54) says that this component is small if the config-
uration k contains no “particles” near x.
(ii) The need for the condition | j −k| ≥nτ is not purely
an artifact of the method of proof. Since in a disordered
system localization is not, in general, uniform, a condi-
tion of this form is not entirely avoidable. For example, as
the random potential will be essentially constant on arbi-
trarily long intervals with high probability, there will be
eigenfunctions which are widely spread out before transi-
tioning to exponential decay as in (51). An informative ac-
count of this issue can be found in [19]. Note, however, that
τ > 0 can be chosen arbitrarily small. As a consequence
of the proof this yields that ξ is close to zero as well. An
interesting open question is if disorder averaging might
eliminate the restriction | j −k| ≥ nτ from (51), i.e. if expo-
nential decay of E(|ϕk ( j )|) can be proven for the Anderson
model at large disorder.
9 Summary and Outlook
In this paper we reviewed several aspects of MBL in the
context of the disordered XY chains: localization proper-
ties of the energy eigenstates and thermal states, propa-
gation bounds of Lieb-Robinson type, decay of correla-
tion functions, absence of transport of particles and en-
ergy, bounds on bipartite entanglement, the dynamical
generation of entanglement, eigenstate labeling and so-
called Fock space localization. The exact mapping of the
XY chain to a system of quasi-free fermions and access
to detailed information about the localization properties
of the related one-body operator, play an essential role
in the derivation of these results for the XY chain. We
believe that having detailed, rigorous, and quite specific
results for the XY chain is helpful in shaping our under-
standing of the subtle issues raised by MBL, and can be
used as a stepping stone to more general mathematical
results about MBL in disordered quantum spin systems
and other quantummany-body systems.
We concludewith a discussion of two conjectures and
further directions for mathematical research on MBL.
The first conjecture is concerned with one-dimensional
systems of spins or fermions. Based on numerical work
on the disordered quantum Ising chain in a random
field, it was conjectured that such a one-dimensional sys-
tem, at sufficiently large disorder exhibits full MBL in
the sense that there exists a (random) quasi-local unitary
transformationU (ω) that maps the Hamiltonian H(ω) in
to a random but diagonal Ising-type model:
U (ω)∗H(ω)U (ω)=
∑
X
KX (ω)σ
Z
X , (55)
where the sum runs over finite subsets X = { j1, · · · , jk }
of the one-dimensional lattice, σZX = σ
Z
j1
· · ·σZ
jk
. The ran-
dom couplings are short-range, e.g., in the sense that
there are constants a,M such that
sup
j ,k
ea| j−k |
∑
X
j ,k∈X
|KX (ω)| ≤M , (56)
in a suitable probabilistic sense. A good quasi-locality
property ofU (ω) would be the following Lieb-Robinson-
type inequality with a sufficiently fast decaying function
F and an exponent p ≥ 0: for any pair of observables A
and B supported on finite sets X and Y , one has
‖[U (ω)∗AU (ω),B ]‖ ≤ ‖A‖‖B‖|X |pF (min{| j −k| | j ∈ X ,k ∈ Y }).
(57)
The work by Imbrie on the random quantum Ising chain
provides evidence for such a property [34], but requires
an unproven assumption of level repulsion in the spec-
trum of the system. Ideally, one would want a general
result that applies to any sufficiently disordered one-
dimensional lattice systemwith finite-range interactions,
without hard to verify assumptions about their eigen-
value statistics.
The second conjecture generalizes the zero-velocity
Lieb-Robinson bounds found for the XY chain to gen-
eral disordered finite range spin models onZd . For d ≥ 2,
MBLmay be seen only at low energies, although in what
sense is still a matter of debate (see, e.g., [20,21]).
Let PE denote the spectral projection onto the energy
interval [E0,E0+E ], with E0 the ground state energy. We
would then like to have constants C ,c ,µ > 0, and q ≥ 0,
a function gE (t ) such that for any pair of finite disjoint
subsets X ,Y ⊂ Zd , and observables A and B supported
on X andY , respectively, one has for 0≤ E ≤ cdist(X ,Y )q ,
the bound
E(‖[τωt (PE APE ),B ]‖)≤C‖A‖‖B‖|X |gE (t )e
−µd(X ,Y ), t ∈R.
(58)
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Here, E denotes the expectation with respect to the ran-
domness, τωt is the Heisenberg dynamics generated by
the random Hamiltonian, and one is interested in show-
ing the inequality with a function gE (t ) of moderate
growth. E.g., a good example would be gE (t ) ∼ |t |
α, for
some α ≥ 0. The standard Lieb-Robinson bound for
systems with a bounded finite-range interaction holds
with gE (t ) = C exp(v |t |), where v > 0 is a bound for the
Lieb-Robinson velocity and for translation invariant sys-
tems ballistic propagation, i.e., with a positive velocity,
is in general expected. So, any function gE which grows
strictly slower than exponential could provide non-trivial
new information.
Among the more refined mathematical properties
worth investigating we mention the disorder-averaged
distribution of the difference between consecutive eigen-
values of the many-body Hamiltonian. Numerical study
of a simple one-dimensional model indicates a clear dis-
tinction between a delocalized regime at weak disorder
and a localized regime at strong disorder [46]. In the first
the distribution very much looks like the one found for
a GOE random matrix, whereas at strong disorder the
distribution is consistent with a Poisson distribution of
eigenvalues at not too small values of the spacing. Estab-
lishing the existence of these two regimes, and perhaps
also the existence of an intermediate phase, in a bona-
fide many body model is certainly a significant mathe-
matical challenge, but it is only by tackling challenging
questions that we have a chance tomake progress. In this
spirit, it makes sense to also ask about MBL for bosons,
such as phonons in disordered crystal lattices [40]. One
could again start by considering disordered models re-
ducible to a one-body operator such as the ones studied
in [44, 45] and then continue with perturbations of such
models.
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A Proof of Theorems 7.1 and 7.2
For the proof of Theorem7.1,wefirstwriteHS1 = 2c
∗AS1c+
E˜01l, where AS1 is the restriction of Anderson model A in
(3) to S1, i.e. AS1 := χS1AχS1 and c = (c1,c2, . . . ,cn)
t . Then
〈HS1〉ρ =
n∑
j ,k=1
(AS1 ) j k〈c
∗
j ck〉ρ+ E˜0 = E˜0 (59)
where we used that 〈c∗
j
ck〉ρ = 0 for j ,k ∈ S1. For positive
times, one can see that
〈HS1〉ρt − E˜0 = 〈τt (HS1)〉ρ − E˜0 = 〈2τt (c
∗)AS1τt (c)〉ρ
= 2
n∑
j ,k=1
(e2i t AAS1e
−2i t A) j k〈c
∗
j ck〉ρ (60)
where we used τt (c)= e
−2i t Ac , the isotropic case of (15).
The sum in (60) can be written as a trace,
〈HS1〉ρt − E˜0 = 2tre
2i t AAS1e
−2i t AηχS2 (61)
where η= ηχS2 is the diagonal n×n matrix supported on
S2 with diagonal elements 1−η j for j ∈ S2. This means
that∣∣〈τt (HS1)− E˜0〉ρt ∣∣ ≤ 2 ∣∣∣trχS2e2i t AχS1 AχS1e−2i t Aη∣∣∣ (62)
≤ 2‖χS2e
2i t AχS1‖1‖AχS1e
−2i t Aη‖
≤ 2‖A‖
∑
j∈S2
∑
k∈S1
|(e2i t A) j k |,
where we used cyclicity of the trace in the first step and
that the trace norm can be bounded by the sum of the
absolute values of the matrix elements.
Bound (46) follows by taking the sup over all times,
then averaging and using eigencorrelator localization
(10).
In the anisotropic case of Theorem 7.2, correspond-
ing to (5) we have
HS1 = (C )
∗MS1C , (63)
where C = (c1,c
∗
1 , . . . ,cn ,c
∗
n )
t and MS1 is the 2×2−block
restriction of the matrix M given in (6) to S1, i.e., the re-
striction to span{δ2 j−1,δ2 j , j ∈ S1},
MS1 := χS1MχS1. (64)
One can easily see that
〈HS1〉ρ = 〈C
∗MS1C 〉ρ =
2n∑
j ,k=1
〈δ j ,MS1δk〉〈(C
∗) j (C )k〉ρ
= trχS1ΓM , (65)
with the correlation matrix Γ = diag{η1,1−η1, . . . ,ηn ,1−
ηn}. Herewe recall thatχS1 is the 2×2-block restriction to
S1, we also need to stress here that we used 〈δ j ,MS1δk〉
to refer to the jk-th element (not block) ofMS1 . Likewise,
(C ∗) j is the j -component of the vectorC
∗.
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By evolving the system in time, one can see that
〈HS1〉ρt = 〈τt (C
∗)MS1τt (C )〉ρ
= 〈C
∗e2i tMMS1e
−2i tM
C 〉ρ
= tre2i tMMS1e
−2i tM
Γ (66)
where we used (15).
Note that (66) can be written as
〈HS1〉ρt = trχS1e
−2i tM
ΓχS1e
2i tMχS1M
+trχS1e
−2i tM
ΓχSc1e
2i tMχS1M (67)
And since we are looking at the difference 〈τt (HS1) −
HS1〉ρ , we can rewrite (65) to match (67) as follows
〈HS1〉ρ = trχS1e
−2i tM
ΓχS1e
2i tMχS1M
+trχS1e
−2i tMχS1Γe
2i tMχSc1M
+trχSc1e
−2i tMχS1ΓMe
2i tM (68)
Then subtracting (68) from (67) we get
〈τt (HS1)−HS1〉ρ = trχS1e
−2i tMχSc1Γe
2i tMχS1M
−trχS1e
2i tMχSc1MχS1e
−2i tM
Γ
−trχSc1e
−2i tMχS1ΓMe
2i tM
where we used [M ,e2i tM ]= [Γ,χS1 ]= 0. By taking the ab-
solute value∣∣〈τt (HS1)−HS1〉ρ∣∣ ≤ ‖χS1e−2i tMχSc1‖1‖Γe2i tMχS1M‖ (69)
+‖χS1e
2i tMχSc1‖1‖MχS1e
−2i tM
Γ‖
+‖χSc1e
−2i tMχS1‖1‖ΓMe
2i tM
‖
≤ 3 ·2‖M‖
∑
j∈S1
∑
k∈Sc1
‖(e2i tM ) j k‖.
Here (e2i tM ) j k are the 2×2-block elements of e
2i tM and
we used the simple fact that for any 2n×2nmatrix A with
2×2 block elements A j k we have ‖A‖1 ≤ 2
∑n
j ,k=1
‖A j k‖.
The bound (47) follows by taking the supremum over
all times, then averaging and using eigencorrelator local-
ization (10).
B Proof of Lemma 8.1 and Theorem 8.2
Towards the proof of Lemma 8.1 we start by noting that
the spectrum of A is almost surely non-degenerate. Thus
we may label the eigenvalues of A by E1 < E2 < . . . < En
and corresponding normalized eigenfunctions by ϕEr ,
r = 1, . . . ,n. The eigencorrelators may thus be expressed
as [4]
Q( j ,k)= sup
|g |≤1
|g (A) j k | =
∑
E∈σ(A)
|ϕE ( j )ϕE (k)|. (70)
By (50) and Chebychev’s inequality we have, for each
fixed j and k,
P
(
Q( j ,k)< e−µ| logε|| j−k |/2
)
≥ 1−Ce−µ| logε|| j−k |/2. (71)
Fix α > 1 and for each r ∈ [1, . . . ,n] define the (random)
set
Nr :=
{
j ∈ [1, . . . ,n] : |ϕEr ( j )| ≥ n
−α
}
. (72)
Note that due to normalization of ϕEr the sets Nr are
non-empty (for this α ≥ 1/2 would suffice). Fix kr ∈ Nr
for each r , which will serve as localization centers.
By (70) and (71) we have for every fixed j and r that
P
(
|ϕEr ( j )| <n
αe−µ| logε|| j−kr |/2
)
≥ 1−Ce−µ| logε|| j−kr |/2.
(73)
Fix 0 < τ < 1 and let Ar denote the event that |ϕEr ( j )| <
e−µ| logε|| j−kr |/4 for all j such that | j −kr | ≥n
τ. Also, let Br
be the event that (73) holds simultaneously for all j with
| j −kr | ≥n
τ. Then
P(Br ) ≥ 1−C
∑
j :| j−kr |≥nτ
e−µ| logε|| j−kr |/2
≥ 1−C1e
−µ| logε|nτ/2. (74)
Assume that Br holds, then | j −kr | ≥ (| j −kr |+n
τ)/2 im-
plies that
|ϕEr ( j )| <n
αe−µ| logε|n
τ/4e−µ| logε|| j−kr |/4 (75)
for all j such that | j −kr | ≥ n
τ. For 0 < ε ≤ ε0 sufficiently
small the term nαe−µ| logε|n
τ/4 is uniformly bounded by 1,
so that Br ⊂ Ar . Thus (74) gives
P(Ar )≥ 1−C1e
−µ| logε|nτ/2 (76)
and
P(∩nr=1Ar )≥ 1−C1ne
−µ| logε|nτ/2. (77)
The latter is essentially the event described in Lemma 8.1
when choosing ε sufficiently small to absorb several con-
stants (and allowing to choose any ξ < τ). However, we
need to show that all the kr , r = 1, . . . ,n, can be chosen
distinct, so that an ONB of eigenvectors can be associ-
ated one-to-onewith all localization centers in [1, . . . ,n].
As in a similar context in [22], a convenient way to
do this is by using Hall’s Marriage Theorem. For U ⊂
[1, . . . ,n] let N (U ) := ∪r∈UNr . We have to show that
|U | ≤ |N (U )| for all U . By Hall’s Marriage Theorem this
is necessary and sufficient for the existence of a bijection
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h : [1, . . . ,n] → [1, . . . ,n] such that h(r ) ∈ Nr for each r .
Now the choice kr = h(r ) yields the desired result.
Suppose, on the contrary, that |U | ≥ |N (U )| + 1 for
someU . If j ∉N (U ) and r ∈U , then |ϕEr ( j )| < n
−α. Thus,
for r ∈U ,∑
k∈N (U )
|ϕEr (k)|
2
= 1−
∑
j∉N (U )
|ϕEr ( j )|
2
> 1−n1−2α. (78)
This implies
|U |−1≥ |N (U )| =
∑
k∈N (U )
‖δk‖
2
≥
∑
k∈N (U )
∑
r∈U
|ϕEr (k)|
2
> |U |(1−n1−2α), (79)
which gives 1 ≤ |U |n1−2α ≤ n2−2α, a contradiction to the
choice α> 1.
We now proceed with the proof of Theorem 8.2. By
Lemma 8.1, with probability 1− e−n
ξ
, there are normal-
ized eigenfunctions ϕk of A satisfying (51). As A is real,
the ϕk can be chosen real. They determine the orthogo-
nal matrixU in (41) asU (k, j )=ϕk ( j ).
To prove part (a) of Theorem 8.2 we expand the vec-
tors ψ˜ in terms of the vectors e˜. This calculation is well
known, for example it is not hard to see that the resulting
(82) below arises as a special case of (22). We include the
argument here for completeness.
Fromψ0 = e0 and b˜
∗
k
=
∑n
j=1
U (k, j )c∗
j
=
∑n
j=1
ϕk ( j )c
∗
j
,
we get
ψ˜(k1,...,kr ) =
r∏
m=1
b˜∗kme0 =
r∏
m=1
(
n∑
jm=1
ϕkm ( jm)c
∗
jm
)
e0
=
∑
j1,..., jr distinct
r∏
m=1
ϕkm ( jm)c
∗
jm
e0
=
∑
j1<...< jr
∑
π∈Sr
( r∏
m=1
ϕkm ( jπ(m))
)( r∏
m=1
c∗jπ(m)
)
e0
=
∑
j1<...< jr
∑
π∈Sr
( r∏
m=1
ϕkm ( jπ(m))
)
×
×(−1)sgn(π)+
∑r
m=1 jm−r e˜( j1,..., jr ). (80)
Here we have used the CAR to normal order the c∗
j
and
that, up to sign changes, c∗
j
acts on the spin basis by flip-
ping up the j -th spin. The final result for ψ˜(k1,...,kr ) be-
comes∑
j1<...< jr
(
(−1)
∑r
m=1 jm−r det
(
ϕkm ( jℓ)
)r
m,ℓ=1
)
e˜( j1,..., jr ). (81)
From this we read off that for arbitrary 1≤ r ≤n, 1≤ k1 <
. . .< kr ≤n and 1≤ j1 < . . .< jr ≤n,∣∣〈ψ˜(k1,...,kr ), e˜( j1,..., jr )〉∣∣= ∣∣∣det(ϕkm ( jℓ))rm,ℓ=1
∣∣∣ , (82)
while 〈ψ˜(k1,...,kr ), e˜( j1,..., js)〉 = 0 if r 6= s (which reflects parti-
cle number conservation).
Given exponential decay (51) of the one-particleHamil-
tonian, we now get decay of the Slater determinant on
the right of (82) as a special case of a result from [55],
stated as Theorem 5.1 in Section 5 above:
Letωbe then×n-matrixwithmatrix elements 〈δ j ,ωδk〉 =
ϕk ( j ). This matrix is unitary and, in particular, ‖ω‖ = 1.
To incorporate the result of [22] we choose the growth
function K piecewise as K (ℓ) = 0 if ℓ < nτ and K (ℓ) = ℓ
if ℓ≥nτ. Then (51) says that |〈δ j ,ωδk 〉| ≤ e
−ηK (| j−k |) with
probability at least 1− e−n
ξ
. Thus we can apply (26) for
any η0 < η. For the given choice of K we find I (µ0) ≤
C (µ0,τ)n
2τ. This readily yields (53), completing the proof
of part (a) of Theorem 8.2.
The proof of part (b) is straightforward: From (43) and
cx =
∑n
j=1ϕ j (x)b˜ j we get
〈ψ˜k ,nxψ˜k 〉 = 〈ψ˜k ,c
∗
x cxψ˜k 〉 (83)
=
∑
j1, j2
ϕ j1(x)ϕ j2(x)〈b˜ j1
r∏
m=1
b˜∗kmψ0, b˜ j2
r∏
ℓ=1
b˜∗kℓψ0〉
=
∑
j1
|ϕ j1(x)|
2
‖b˜ j1
r∏
m=1
b˜∗kmψ0‖
2
=
r∑
m=1
|ϕkm (x)|
2,
where we have used that ‖b˜ j
∏r
m=1 b˜
∗
km
ψ0‖
2 is 1 if j ∈
{k1, . . . ,kr } and0otherwise. By our assumptionminℓ{|kℓ−
x|}≥ nτ we can use (51) to bound this by
∞∑
j=minℓ{|kℓ−x|}
|ϕ j (x)|
2
≤ 2
∞∑
j=minℓ{|kℓ−x|}
e−2η j , (84)
which is the bound claimed in (54).
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